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The behavior of subjects solving a problem is described by paths through the pro-
blent's stale spice represenlation. Tt is assue! that sirnctual featores of a par-
ticular problem — cspecially its possilde subproblem amd symwmetry  deconm-
positions — eflect the behavior or problum solving subjects. Furthermore, these
patterns of behavior will be independent of the solver’s individual strategivs
or Ncuristics, The thepretical expectations and eimpirical results of subjects sol-
ving the Tower of Hanol and Tea Cercmony problems are prosented, and the ne-,
tion of “transfer” is discussed in the context of problems of related struciure,

1. INTRODUCTION

Several reeent research reports studying information processing in humans

have analyzed the strategy/behavior distinction in problem solving. Dienes

& Jeeves 8 and Branca & Kilpatrick * considered subjects solving card tasks

structured on the klien group and cyclic group of order four. The studics

compared subjects’ behaviors on these tasks with their retrospective (after
the fact) accounts of their strategies.

More recently Greeno 8, Thomas *s, and Recd, Ernest & Banerji ! have
studied solutions of subjects solving various forms of the famous Missionaries
and Cannibals problem. In these studies the primary interesl was foctsed
on the sequences of moves (behaviors) subjects made in playing the games
rather than on the specific strategics or heuristics they might have devised

‘ “to determine their moves. Indeed, most current researcls acknowledges as
| fact .that -problem-selving strategies do not gencrate-unique behavior, that
is, a single pattern of bebavior may be the result of the application of any
; of several different rules or strategics.

The state space analysis of problem solving behavior proposed in carlier
work by the author ? allows the strategy/behavior analysis to be even more
precise. The state space representation of a problem * is the set of distingu i~
i shable configurations or situations of a problem together with the sct of
permitted moves or steps from one problem situation to-amether. Thus the
state space representation — expressed as 2 directed graph — consists of an
initjal state together with all the states that may be reached from the initial
state by the successive legal moves of the problem. One or more of these
successor states are classified as goal states. If a problem’s description clearly
speeifies the initial statc, goal state(s) and set of legal moves of the problem,
then its staie space representation will be unique.

. Besides Nilsson, Bamerji 2, and Bauerji & Ernest? have offered mathema-
tical descriplions to characterize state spaces. This “state space algelix”
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allows such concepts as problem comparison, decomposition, and extension
to Le well defined, and also allows problem solving studies in the arca of
problem analogy, transfer, and generalization to be extremely precise.

A second use of the state space representation is to allow analysis of
problem solving behavior in light of the fixed symmetry and subproblem
structure of the problem . Behaviors are recorded (by the researcher) as
paths through the state space representation of the problem corresponding
to the steps taken or moves made by each subject solving the problem. It is
not suggested in this analysis that the solver in any way “perceives” the
state space as an entity during problem solving. Rather, the symmetry pro-
pertics and subproblem decompositions of the problem are formal properties
of the state space which may or may not correspond to the geometrical or
other perceptual propertics of the problem readily apparent to the problem
solver. :

Hypotheses may then be formulated to predict the effects of problem
structure, on problem solving behavior, That is, for a fixed population of

subjects and a fixed problem, hypotheses predicting patterns in the subjects’.

behavior (paths through the state space) can be formulated and tested. As
stated above, these hypotheses may be tested regardless of the specific stra-
tegy the problem solver employs.

In the next section general hypotheses regarding the effects of problem
structure on the behavior of preblem=solving subjects are given. Three studies
analysing this behavior are introduced, and the problems used in the study
described. ' .

11, GENERAL HYPOTHESES

In solving problems of fixed structure (a unique state space) the following
hypotheses of a more or less general nature are suggested.

Hypothesis 1. (a} In solving a problem or subproblem the subject generates
non-random, goal-directed paths in the state space representation of the
problem or subproblem, and (b) when sub-goal states are entered the path
exits from the respective subproblem.

Hypothesis 2. Identifiable “episodes” occur during problem solving correspon-

ding to the solution of varieus subproblems. That is, path segments occur

during problem solving which do not constitute the solution of a problem,
but which do make up the solution of subproblems of the problem.

Hypothesis 3. The problem solver’s paths through problems of identical
(isomorphic) structure tend to be congruent.

Hypothesus 4. Given a symmetry within the state space of the preblem,
subjects exhibit succesive path segments in the state space congruent modwio
this symmetry. {Goldin & Luger?, describe the symmetries of a problem as
the group of automorphisms of the problem’s state space onto itself).
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Hypothesis 5. Given two problems of similar siruclure, the cifects of solving
one problem will be reflected in the Lehavior evidenced in solving the sccond
problem. '

1t may be that the validity of hypotheses 1 and 2 depends on the parti-
cular way that the state space of the problem is decomposed into subproblems
since such a decomposition is not always unique. Hypothesis 4 (symuneiry
acquisition) is suggestive of the “Insight” phienomenon which changes the
gestalt of the problem solver *¢ and often plays an important role in the
eventual problem solutien.

These general hypotheses have been tested in three specific problem
situations. In the first study 51 subjects solved the Tower of Hanoi prablem ®.
In the sccond study 21 subjects solved the Tea Ceremony problem (A Tower
of Hanoi isomorph suggested by Newecll); and in the third study 43 subjects
solved both problems in a test for transfer.

In the Tower of Hanoi problem four concentric rings -(labelled 1, 2,3,4
respectively) are placed in order of size, the largest on the botlom, on the
first of three pegs {labelled A, B, C); the apparatus is pictured jn Figure L
The object of the problem is to transfer all the rings from peg A to peg Cin
the minimum number of moves. Only one ring may be moved at a time,
and no larger ring may be placed over a smaller one on any peg.

FIGURE 1. The ‘1—ri1:|g Tower of Hanei Board and the
4-task Tea Ceremony problem in them “Start” states,

The Tea Ceremony, sce Figure 1, is an isomorph of the Tower of Hanoi.
Three people — a host, an elder, and 2 youth - participate in the cercmony.
There are four tasks they perform — listed in ascending order of importance:
feeding the fire, serving cakes, serving tca, and reading poetry. The host
performs all the tasks at the start of the ceremony, and the tasks are trans-
ferred back and forth among the participants until the {youth performs all
the tasks, at which time the ceremony is completed. Therc are two constraints
on thz one-at-a-time transfer of tasks: 1) only the least important task a
persor, is performing may be taken, and 2) no person may accept a task un-
Jess it is less important than any task they perform at the time. The object
o2 the Tea Ceremony game is to transfer all the four tasks from the host to
ili2 elder in the fewest number of moves.

In the isomorphic relationship between the Tea Ceremony and the
Tower of Hanoi the people — host, youth, and elder — correspond respec-
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tively with pegs A, B, and C. The four tasks — feeding the fire, serving cakes,
serving tea, and reading poelry — correspond respectively with rings 1,2,
3, and 4. It can be checked that the initial state, goal state, and legal Moves
of tlie two games correspond. :

An example of o
3~ring (task)

An exemple of g
2ring (tosk)

subspace ~0O0

O O O O

OO0 @]e) O 00O
- O O 0O 0O o 0 O
ssee O OO0 O OOC}/ DO OOQO0Q¢cee

An example of o I-ring (tusk)
subspace . 3 m

FIGURE 2. The State Space Representation of the Tower of
Hanoi/Tea Ceremony probiem. Legal moves effect transitions
between adjacent states. Examples of subspaces are given,

Figure 2 is the complete state space representation of the Tower of
Hanoi/Tea Ceremony problem. Each circle stands for a pessible position -or
state of the games. The four letters labelling a state refer to the respective
pegs (prople) on which the four rings (tasks) are located. For example, state
CCRC means that ring 1 (fire), ring 2 (cakes), and ring 4( poetry) are in their
proper order on peg C (performed by the Llder). Ring 3 {tea) is on peg B
(performed by the youth). A legal move by the problem solver always effects
a transition between states represcnted by neighbouring circles in Figure 2.
The solution path containing the minimum number of moves consists of the
fifteen steps from AAAA to CCCC down the right side of the state space dia-
gram.

The Tower of Hanoi/Tea Ceremony has a natural decomposition into
nested subproblems. For example, to solve the 4-ring Tower of Hanoi problem,
it is necessary at some point to move the largest ring from its original position
on peg A to peg C, but before this can be done the three simaller rings must
be assembled in their proper order on peg B. The problem of moving the
three rings from one peg to another may be tamed @ 3-ring subproblen,
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Y
and constitutes a subsct of thestate space of the 4-ring problem. The 4-ring
state space contains three isomorphic 3-ring subspaces, for which the physical
prohlem solving situations are dilferent by reason of the positien of ring .
Tach subspace becomes a suproblem when one of its entry states is desig-
nated as the initial state, and its exist states are designated as goal stales.
Similarly, each 3-ring subspace contains three isomorphic 2-ring subspaces
for a total of nine in the 4-ring state space; and each 2-ring subspace may
be {urther decomposed into three l-ring subspaces, comprising only three
states apicce. Note the examples in Figure 2 of I-, 2-, and 3-ring subspaces,

Each n-ring subproblem, as well as the main problem, admits of a symme-
try automorphism, The automorphism maps a goal state of the n-ring problem
onto the conjugate goal state which corresponds to transferring the n-rings
to the other open peg. Were the three pegs of the Tower of Hanoi board to
be arranged at the corrers of an equilateral triangle (as are the people in
the Tea Ceremony), the symmetry automorphism would represent the geome-
tric operation of reflection about the altitudes of the equilateral triangle.

In the next scctien hypotheses specific to the Tower of Hanoi and Tea
Ceremony problems are tested and the results of these studiss presented.

jI1. CRITERIA AND RESULTS

Criteria for satisfying the general hypotheses of section II were cstablished
as follows: '

(1} a) The non-randomness of subjects paths <was tested by comparing the
number of “corners” or “turns” (as opposcd 10" “strajght” sections) in subjects
paths with the number of “corners” or “turns” in paths of the sume length
generated randomly through the problem state space. Paths were goal-direcled
when they neither reentered any subproblem oncc it had been left nor, “moved
away” from the problem or subproblem'’s goal state. A measurcment of “mo-
vement away” from a goal stdte was possible by establishing & metric on the
state space. This metric was the number of states in the shortest path bet-
ween the subject’s current state and the goal state.

) b) The special role of subgoal states was investigated by determining the
percentage of times that subjects’ paths, once having reached the subproblem’s
goal state, immediately exited from that subproblem space. This percentage

- ‘was comparéd with the percentage based on random choice of possilile exits

from. the subgoal state (50 percent).

(2} An n-ring episode in solving the Tower of Hunoi problem was defined to
oceur when a subject executed minimal solutions to 50 percent or more of
all the n-ring subproblems prior to exccuting minimal solutions to 50 purcent
or more of the n 4 l-ring subproblems. Three such episodes were thevreti-
cally possible in solving the d-ring Tower of Hanoi problem. Tt was asked
whethier a significant number of subjects would evidence at Ieast one of thew
cpisodes in their solution, and whether any subjects nould evilence st theo,
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(3} A subject’s paths tended to be congruent in n-ring. subproblems if any
one congruence class of non-minimal solution paths predominanted in frequency,
i.ce. contained 60% more paths than the other non-minimal classes of paths.
(Only paths on the 2- and 3-ring levels were considered).

{4) A subject exhibited symmetry when an interruption in a path occurred,
followed immediately by the subject’s formation of the symmetric image
of the interrupted path. A priori it was predigted that such interruptions
would occur for half the subjects, since probability dictates that 50 percent
of the subjects’ paths would start {owards the goal state, and 50 percent
in the symmetrically opyosite dirccticn,

{3) Transfer was tested by comparing (via the t-test) the amount of time used
and number of states entered by subjects solving each of the problems.

It should be evident that these studies do not rely solely on conventi-

onal statistical tests for establishing the existence of effects in an population -

of subjects; rather, they suggest some new techniques for establishing the
existence of “patterns” in subjects’ behavior. For example, it scemed natural
to consider “local” properties of thé path —~ non-random, goal-directed paths
were thought to have less “corners” or “turns”, less “loops”, and to have less
“wandering about” that random, undirected paths. Theabove criteria atternp-
ted to make these notions more concrete: Using a “metric” on the state space,
analysis of congruence of path scgments, and the interruptions in paths are
techniques used to establish the existence of patterns in subjects behavior.

A. The Tower of Hanoi Study. In the Tower of Hanoi Study hypotheses
{1), (2}, (3), and (4) above were tested on 51 college educated adults.? These
subjects had no prior acquaintance with the Tower of Hanoi problem. Once
having started the problem, the subject continued to work on it until he or
she ecither gave up or succeeded in moving all the rings from thestartto the
goal peg in the least possible number of moves. The subject could start the
problem over at any time or for any reason he or she wished. The total
time spent was usually 15 to 20 minutes. A tape recorder was kept running
continously to record the sequence of moves and any verbal responses of
the subject. ) '

Hypoteshis 1. a) In 45 (6 of the 51 subjects solved the problem on their
first trial) subjects’ first trials at solving the problem 959 met the criterion
for nonrandomness. That is, subjects’ first attempt at solving the problem
deviated from paths randomly drawn through the Tower of Hanoi state space
by more than one standard deviation in the eccurrence of “corners” im the
paths. 789%, deviated from the random by more than two standard deviations.
- Of all 131 trials by subjects, 979, met the criterion for nonrandomness and
81% deviated from the random by more than two standard deviations. All
deviations were in the direction of fewer “corners” in the paths. Of 45 subjects
first attempts, 879 satisfied the criterion for goal-directedness; and 939,
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of the subjects’ 133 total attempts satisfied the criterion, Of the 685 paths
through 2-ring subproblems, 96%, met the criterion for subgoal directedness.
Of the 321 paths through 3-ring subproblems, 919, met the criterion,
b) Of the 685 paths through 2-ring subproblems, 96% met the exist criterion;
of the 321 3-ring subproblem paths, §8%, met the exist criterion.

In figure 3, all paths of the subject deviated from random paths in
respect to the number of “corners” by more than 2 standard deviations, {The

Trial 13
Trial 2:
~ Trial KR

FIGURE 3. The behavior of one subject solving the Tower of
Hanoi problem

number of corners per state entered by a random path was 67; s.d. £ 10).
- All paths of this subject were both goal and subgoal directed. All paths of
this subject existed from the subproblem space once a subgoal state was
entered. (The exit of a random path was 509%,).

Hypothesis 2. A maximum of three “episodes” were possible, corresponding
to solutions of 1-, 2-, and 3-ring subproblems respectively. Of all 51 subjects
45 (889%,) displayed at least one of these “episodes”; 16 (31%) displayed just
one; 22 (439%,) displayed exactly two “cpisodes”; and all three theoretically
possible “episodes” were displayed by 7 subjects (149). As examples of epi-
sodes’ consider the subject of Figure 3:

(1 = minimal and 0 = non-minimal subproblem paths)

Note that 2-, 3-, and 4-ring (sul) problems are placerd over each other
in such a manner as to indicate the time sequence (left to right) of problem
spaces entered.
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.

The sequence of subproblems entered by the subject:

2-ring episode 3ring episode
2-ring Tor ro | T T o
Jring 0 0 1 1 1
4-ring 0 o 1

There was no l-ring episode. During the 2-ring episode 679 of the
2-ring subproblems were solved minimally and 0% of the 3-ring. During
the 3-ring cpisode 100% of the 3-ring were solved minimally and 0% of the
4-ring.

Hypothesis 3. For the 2-ring subproblem, predominance of one congruence
class of non-minimal path occurred for 7 of 45 subjects (16%) ; non-predomi- -
nance occurred for 6 subjects (14%); and 32 subjects (709%,) permitted no
conclusion to be reached (because of insufficiently many nonminimal path,
or an inconclusive distribution of these paths). For the 3-ring subproblem,
predominance of on¢ congruence class was shown by 6 subjects (13%,); non-
predominance by 21 subjects (419%); and 18 subjects (409) permitted no
conclusion, In trial 1 of Figure 3 there are congruent non-minimal solution
paths through 2-ring subproblems (the second and fifth entered) and also
through 3-ring subproblems (the first and second entered). In general, due
to an insufficient number of non-minimal paths and an inconclusive distri-
bution of these paths, the expected congruence of non-minimal solution paths
across isomorphic subproblems was ot confirmed by the data.

Hypothesis 4. Of 45 subjects, 44%, displayed the predicted effect of the pro-
blem syminetry, by producing consceutive path segments congruent modulo
the syminetry transformation of the problem. 79, exhibited this pattern
Awe or more times during the problem solving. This compares reasonably
well with the figure of 509, for whom the plienomena was predicted to occur.
In figure 3, the subject displayed this effect in the second and third trials,

B. The Tea Ceremony. In this study hypotheses (1), (2), {3), and (4)
above were {ested with 21 adult subjects. The testing  procedure was
identical and the results were similar to those of the previous study.

Hypothesis 1. a) The subjects’ paths were both non-random and goal-directed.
b) Of 418 paths through 2-ring subproblerms, 95.29, met the subgoal exit cri-
terion; of 214 paths through 3-ring subproblems, 98.6% met the subgoal
exit criterion. In figure 4, the behavior of one subject solving the Tea Cere-
mony problem, all paths were both non-random and goal directed; there .
were no violations of the subproblem exit criterion.

Hypothesis 2. All 21 subjects displayed at least one “cpisode”, with 249 dis-
playing exactly one episode. 529, displaying exactly two episodes, and 249,

684



BEHAVIOURAIL EFFECTS OF PROBLEM STRUCTURE IN PROBLEM SOL\-'I‘};C_}..

Trial 1t o .
Tl"l-ﬂ’z:o'a'vﬂ,n
Triol 3: .

Trial 4 A

FIGURE 4. The behavior of one subject solving the Tea Ceremony
problent.

displaying all three theoretically possible episodes. Consider the subject in
Figure 4:

(1 = minimal, and 0 = non-minimal subproblem paths)

2-ring episode J-ring episode
. “ . - \ o
2-sing Lof ittt 1oty it 1t
3-ring 0 1 I 0o 1 1 1
4-ting "0 0 0 1

No I-ring episode. In the 2-ring episode 509, of the 2-ring subproblems
were solved minimally and 0% of the 3-ring. In the 3-ring episode 759
‘of the 3-ring subproblems were solved minimally and 0% of the 4-ring,

Hypothests 3. Although the subject in Figure 4 showed a predominance of
non-minimal 2-ring paths (the second and eighth) and of 3-ring paths (the
first and fourth), this hypothesis was not verified across the population of
subjects. This was due both to an insufficient number of non-minimal paths
and an inconclusive distribution of these paths.

Hypothesis 4. Of 21 subjects, 14 (67%,) displayed the effects of problem symme-
try, and 4 subjects (19%) displayed this phenomenon more than once. The
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subject in Figure 4 had an interrupted path and production of a symmetri-
cally conjugate path in the third and fourth trials.

C. The Transfer Study. The transfer study was recently designed and
only preliminary resulls are presented. When the study is complete the elfects
on transfer of the subproblem and symmetry structure of the problem will
be more fully delineated, ic., hypetheses (1), 2), (3), and {4) above will
be analysed for transfer effects. At this time only hypothesis 5 is considered.

Hupothesis 5. 43 subjects solved both the Tower of Hanoi and Tea Ceremony
problems. 24 solved the Tower of Hanoi first and. then the Tea Ceremony and
19 solved the problems in the reversed order. The mean time (in scconds)
and mean number of states entered arce given for each problem. The results
of the “t” test are also given. (¢ = one standard deviation).

Mean Time- Used (scconds)

Group 1 TC TOH
(n = 19) 518 149
' {o = 366) (o = 125)
Group 2 TOH TC
(n = 23) 399 306
(@ = 210) (o = 223)

t on TOH = 4.54, significant at 01
t on TC == 2.32, significant at .05

Mean Number of Stales Entered

Group 1 TC TOH
(n = 19) 10t 40
{o 60) (c = 29)
Group 2 TOH TC
(n = 23) 75 66
{a = 33.5) (¢ = 33.5)

t on TOH = 3.55, significant at .01
t on TC = 2.42, significant at .02

IV. SUMMARY AND CONCLUSIONS

The author has attempted to define clearly the strategy/behavior relationship
and to establish a framework for studying the effects of problem structure
on problem solving behavior. The state space representation of a problem is
used to describe a problem's structure formally. This formalization allows
comparison between problems and subproblems of related structure, and pro-
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vides a precise description of the symmetry and subproblem decompositions
of a problem, and thus permits the study of the cffects of the structure of a
problem on the behavior of subjects solving the problem, The behavior
of subjects are recorded as paths through the state space according to the
steps taken or moves made by the subject.

" The results of experiments based on this method scem to confirm an
important role played by features of the problem structure in determining
patterns in the problem solving behavior of subjects. In particular:

— 1. the goal-directed behavior within subproblems and immediate exit from
the subproblem space once the subproblem's goal state was achieved, indi-
cates the problem solver’s effective “decomposition” of the problem inattemip-
ting its solution;

— 2. the “episodes” within the problem’s solution indicate the effect on the
problem solver of the structure of the subproblems;

— 3. these episodes also seem to indicate, at least in the context of the Tower
of Hanol and Tea Ceremony, the problem'’s solution is found in a “bottom
up” progression with smaller units solved throughout the problem before
larger units. (It is Interesting to compare these facets of humans’ solution
to 'the Tower of Hanol problem with the mechanical solutions genzrated by
the General Problem Solver & 11);

— 4. the symmetry structure within the problem was reflected in the problem
solver’s interrupted paths;

~— 5. finally, using the state space, transfer effects across problems of related
structure can be analysed.

In concluding, it should be noted that the suggested general hypotheses
of § II were only tested over a single problem structure and with a
limited population of subjects — each of these hypotheses ought to be tested
in different problem solving situations. “Transfer” between problems of rela-
ted structure should be further considered, and in particular, the cffects
on transfer of the subproblem and symmetry structures of the problems should
be more closely investigated. The author is currently collecting and further
analysing data for the transfer study?,
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